We completely determine cohomology groups of sections of homogeneous line bundles over a toroidal group.
method gives another proof of this fact. We give examples which show that each of the above cases really occurs.
The paper is organized as follows. In Section 2 we state standard coordinates and real coordinates of C n and the relation between them. In Section 3 we collect some facts about homogeneous line bundles. In Section 4 we introduce sheaves F r,s and F r,s (L), and give Dolbeault-Kazama isomorphisms. Every Γ-periodic C ∞ function on C n which is holomorphic with respect to the last n−m variables has the Fourier expansion. In Section 5 we explain the properties of such Fourier expansions and their derivatives. The spaces H 0 (X, F r,s ) and H 0 (X, F r,s (L)) are isomorphic as Fréchet spaces. Using these isomorphisms, we translate ∂-equations to certain equations of Γ-periodic differential forms in Section 6. In Section 7 we obtain formal solutions of the above equations. Then it suffices to consider the convergence of formal solutions. We give conditions for the convergence in Section 8. Finally we prove the main result in Section 9. In the last section we construct examples.
Preliminaries
Let X = C n /Γ be a toroidal group with rank Γ = n + m. We use standard coordinates z = (z 1 , . . . , z n ) of C n for X and a period matrix P of X in the first normal form as
where I n is the unit matrix of degree n and S is a complex (n, m)-matrix with det(Im(S 1 )) = 0. The matrix S satisfies the irrationality condition (IS) for any τ = (τ 1 , . . . , τ n ) ∈ Z n \ {0} we have τ S / ∈ Z m in standard coordinates because X is a toroidal group (cf. [4] ). We write I n S = (e 1 , . . . , e n , s 1 , . . . , s m ). For j = m + 1, . . . , n we set s j := √ −1e j . Then {e 1 , . . . , e n , s 1 , . . . , s n } is a basis of C n over R. We take real coordinates t = (t 1 , . . . , t 2n ) of C n defined by
A column vector s j is written as s j = t (s 1j , . . . , s nj ). We set A := (a ij ) 1≤i,j≤n and B := (b ij ) 1≤i,j≤n , where a ij := Re(s ij ) and b ij := Im(s ij ). We note that a ij = 0 if 1 ≤ i ≤ n and m + 1 ≤ j ≤ n. Let C = (c ij ) 1≤i,j≤n := B −1 . Then we have c ij = δ ij for 1 ≤ i ≤ n and m + 1 ≤ j ≤ n. We write z i = x i + √ −1y i , i = 1, . . . , n as usual. Then we have the relations
a jℓ c ℓk y k and t n+j = n k=1 c jk y k (2.1)
for j = 1, . . . , n. Therefore we obtain
for j = 1, . . . , n.
Let T = C m /Λ be an m-dimensional complex torus, where Λ is a discrete subgroup of C m with period matrix I m S 1 . The toroidal group X has the structure of principal (C * ) n−m -bundle µ : X −→ T over T by the projection (z 1 , . . . , z n ) −→ (z 1 , . . . , z m ).
Homogeneous line bundles
For any x in a toroidal group X = C n /Γ we define a translation T x : X −→ X, y → y + x. Definition 3.1. A holomorphic line bundle L over X is said to be homogeneous if L and T * x L is analytically isomorphic for any x ∈ X. A homomorphism ρ : Γ −→ C * is called a (1-dimensional) representation of Γ. Since it is considered as a factor of automorphy, it defines a holomorphic line bundle over X. It is obvious by definition that if L is a holomorphic line bundle given by a representation of Γ, then it is homogeneous. When X is a complex torus, it is well-known that for a holomorphic line bundle L over X the following statements are equivalent:
The above equivalence does not hold for a toroidal group in general. However we have the following proposition. Proposition 3.2 (Abe [1] ). Let L be a holomorphic line bundle over a toroidal group X = C n /Γ. Then L is homogeneous if and only if it is given by a representation of Γ.
Throughout this paper we assume that L is a homogeneous line bundle over a toroidal group X = C n /Γ given by a representation ρ : Γ −→ C * of Γ. Then there exists a homomorphism d : Γ −→ C such that ρ(γ) = e(d(γ)) (γ ∈ Γ), where e( * ) = exp(2π √ −1 * ). Proof. First we may assume d(e j ) = 0 for j = 1, . . . , n because ρ = e(d) gives a topologically trivial holomorphic line bundle. We define a discrete subgroup Γ of rank 2n by
Zs m+j .
We define a C-linear mapping ℓ :
Thend : Γ −→ R is a homomorphism satisfyingd(e m+j ) = 0 for j = 1, . . . , n − m. Since ℓ is C-linear, d andd are equivalent.
From now on we assume that the representation ρ = e(d) is given by a homomorphism d : Γ −→ R having the properties in Lemma 3.3.
Dolbeault-Kazama isomorphisms
Consider the structure of principal (C * ) n−m -bundle µ : X −→ T stated in Section 2. We write standard coordinates z = (z 1 , . . . , z n ) as z = (z ′ , z ′′ ), where
. . , z m ) and z ′′ = (z m+1 , . . . , z n ). The ∂-operator is decomposed as ∂ = ∂ 1 + ∂ 2 , where ∂ 1 is the ∂-operator with respect to z ′ , and ∂ 2 is the one with respect to z ′′ . Let F be the sheaf of germs of C ∞ functions on X which are holomorphic along the fibers (C * ) n−m , and let F r,s be the sheaf of (r, s)-forms with respect to {dz 1 , . . . , dz m , dz 1 , . . . , dz m } with coefficients in F . Similarly we denote by F (L) the sheaf of germs of C ∞ functions with valued in L which are holomorphic along the fibers. Let F r,s (L) be the sheaf of (r, s)-forms with respect to {dz 1 , . . . , dz m , dz 1 , . . . , dz m } with coefficients in F (L).
The following proposition is due to Kazama and Umeno (Lemma 1.1 in [6] ).
Proposition 4.1. For any r, s we have
By Proposition 4.1 we obtain the Dolbeault-Kazama isomorphisms
for p ≥ 1, where we set
and
Fourier expansion
We can identify H 0 (X, F ) with the space of all Γ-periodic C ∞ functions on C n which are holomorphic with respect to z ′′ = (z m+1 , . . . , z n ). Real coordinates t = (t 1 , . . . , t 2n ) are written as t = (t ′ , t ′′ ), where t ′ = (t 1 , . . . , t n+m ) and t ′′ = (t n+m+1 , . . . , t 2n ). Let f ∈ H 0 (X, F ). Since ∂f /∂z m+j = 0 for j = 1, . . . , n−m, we have the following Fourier expansion of f :
where a σ is a complex number and σ, t
The following lemma follows from the well-known result for Fourier coefficients of C ∞ functions.
Lemma 5.1. Let {a σ ; σ ∈ Z n+m } be a sequence of complex numbers. We consider a formal series
Then the series converges to a function in H 0 (X, F ) if and only if for any R > 0 and any k > 0 we have
for j = 1, . . . , m, where we set
for k = 1, . . . , m. We note
Then we have the relation
Let L be a homogeneous line bundle over a toroidal group X = C n /Γ with rank Γ = n + m. It is given by a representation ρ = e(d) of Γ, where d : Γ −→ R is a homomorphism having the properties in Lemma 3.3. We define a linear polynomial a(t) in t by
It is easy to check that
for any γ ∈ Γ and any t ∈ R 2n . By (2.2) we obtain ∂a/∂z i = 0 for i = m + 1, . . . , n. Then we have a ∈ H 0 (C n , π * F ), where π : C n −→ X is the projection. We set F (t) := e(a(t)).
We can consider
as Fréchet spaces in the usual manner. Then the multiplicity by F (t) gives isomorphisms between Fréchet spaces
By a straight calculation using (2.2) we obtain
Then, setting
we have
We denote A 1 := (a ik ) 1≤i,k≤m and C 1 := (c kj ) 1≤k,j≤m .
Then we have
Operating ∂ 1 on G(t), we obtain
We set Φ 0 := m j=1 β j dz j , where β j := π √ −1α j . Then we have
By the relation (6.3) we obtain
Therefore ∂ 1 ϕ = 0 if and only if
We assume that there exists
by (6.6) . Therefore the problem to find η with
) is translated to the following problem.
Problem. For any φ ∈ H 0 (X, F 0,p ) satisfying (6.7), does there exist ψ ∈ H 0 (X, F 0,p−1 ) such that the equation (6.8) holds?
Formal solutions
We may assume that the homogeneous line bundle L is not analytically trivial. 
Consider equations
It is easily seen that (7.1) is equivalent to
Furthermore, (7.2) is equivalent to
by (5.5). We note that (7.3) does not hold for σ = 0. For any σ ∈ Z n+m we denote by j(σ) the smallest integer j satisfying
We note j(σ 0 ) = 1 for σ 0 satisfying (7.3). Every φ ∈ H 0 (X, F 0,p ) has the Fourier expansion
where φ σ c is a (0, p)-form with constant coefficients. For any σ ∈ Z n+m we have the unique representation
Here we mean that φ
It follows from (5.6) that
If φ satisfies (6.7), then
for j / ∈ {j(σ), i 1 , . . . , i p−1 } and
for j, k / ∈ {j(σ), i 1 , . . . , i p−1 } with j = k. Assume that there exists ψ ∈ H 0 (X, F 0,p−1 ) satisfying (6.8). We have the expansion ψ = σ∈Z n+m ψ σ as (7.4). Each ψ σ has the representation
where
we have ∂ψ 
. (7.14)
We note that {ψ σ i1...ip−1 } satisfy (7.13) for {φ σ ji1...ip−1 } have the property (7.7). We define ψ σ by (7.9). We consider the formal sum
Then, if Z = Z n+m , then we have
and if Z = Z n+m \ {σ 0 }, then we have
c .
Conditions
We define d(L) ∈ C m for any homogeneous line bundle L over a toroidal group
for any σ = (0, 0, σ ′′′ ) ∈ Z. We consider the following condition (H) S : (H) S There exists r > 0 such that
for all σ ∈ Z with (σ ′ , σ ′′ ) = (0, 0). 
for all σ ∈ Z with (σ ′ , σ ′′ ) = (0, 0).
Proof. Let r > 0 be a constant for which the condition (H) S is satisfied. For any r ′ with r ′ ≥ r the condition (H) S holds. Therefore we may assume r ≥ 1. Then the condition (H) ′ S holds for C = 1 and a := log r. Conversely, we suppose that the condition (H) ′ S is satisfied for some constants C > 0 and a ≥ 0. We take r > 0 with log r > max{a − log C, a}.
Then we have r −λ < Ce −aλ (λ ≥ 1).
Therefore we obtain
for any σ ∈ Z with (σ ′ , σ ′′ ) = (0, 0).
Lemma 8.2. The condition (H)
′ S is equivalent to the following condition (H)
′′ S There exist constants C > 0 and a ≥ 0 such that
where we set
Since det(Im(S 1 )) = 0, there exists γ 2 > 0 such that
By (8.3) and (8.4) we can take constants γ
Let C > 0 and a ≥ 0 be constants satisfying the condition (H) ′ S . Then we obtain
This finishes the proof.
Cohomology groups
The following theorem is our main result.
Theorem 9.1. Let L −→ X be a homogeneous line bundle over a toroidal group X = C n /Γ with rank Γ = n + m. We assume that L is not analytically trivial. We consider the condition (H) S in Section 8 and the set Z defined after Lemma 7.1. Then one of the following cases holds.
where T is an m-dimensional complex torus over which X is a principal (C
) is a non-Hausdorff Fréchet space, then, of infinite dimension.
We need the following lemma for the proof of Theorem 9.1. 
Proof. For any sequence {ϕ
Proof of Theorem 9.1. Take any φ ∈ H 0 (X, F 0,p ) satisfying (6.7). Then we have the formal solution ψ = σ∈Z ψ σ of (7.16) or (7.17), where ψ σ has the expression (7.9).
(I) We assume that the condition (H) S is satisfied. By the definition of j(σ) we have
There exists a positive constant M such that
by (8.1). Then we obtain
By Lemmas 8.1 and 8.2 we can take C > 0 and a ≥ 0 such that
for any σ ∈ Z with (σ ′ , σ ′′ ) = (0, 0). Since ψ σ i1...ip−1 is defined by (7.14), it follows from (9.1) and (9.2) that
for any σ ∈ Z with (σ ′ , σ ′′ ) = (0, 0). Moreover we have
for any σ ∈ Z with (σ ′ , σ ′′ ) = (0, 0) by (8.2) . Therefore the series ψ = σ∈Z ψ σ converges by Lemma 5.1. If Z = Z n+m \ {σ 0 }, then we have
We express φ as in (7.4) and (7.5). We expand λ as λ = σ∈Z n+m λ σ , where
We also have
Comparing the coefficients of dz j(σ) ∧ dz i1 ∧ · · · ∧ dz ip−1 in both sides of (9.3), we obtain
and σ∈Z n+m λ σ converges, σ∈Z ψ σ must converge. This is a contradiction. ✷
Examples
In this section we give examples which show that each of the cases in Theorem 9.1 really occurs.
Example 10.1. Let Γ be a discrete subgroup of rank 3 in C 2 whose period matrix is
Then X = C 2 /Γ is a toroidal group for the irrationality condition (IS) is fulfilled. Let z = (z 1 , z 2 ) be standard coordinates of C 2 with respect to P . 
For any σ = (σ 1 , σ 2 , σ 3 ) ∈ Z 3 we have
We consider a homomorphism d : Γ −→ R such that d(e 1 ) = d(e 2 ) = 0 and d(s 1 ) ∈ R \ Z. Let L be the homogeneous line bundle over X given by a representation ρ(γ) = e(d(γ)) (γ ∈ Γ). In this case we have
Since the equality
We assume that α is an algebraic number. By Liouville's theorem we see at once that the condition (H) S is satisfied. This is an example for the case (i) in (I) in Theorem 9.1. Example 10.2. We consider a period matrix
It is easily seen that X = C 2 /Γ is a toroidal group, where Γ is the discrete subgroup of C 2 given by P . As in Example 10.1 we write P = (e 1 , e 2 , s 1 ). Take a homomorphism d : Γ −→ R such that d(e 1 ) = d(e 2 ) = 0 and d(s 1 ) ∈ R \ Z. Then a representation ρ = e(d) of Γ defines a homogeneous line bundle L over X. We obtain
by a straight calculation. We assume that α is an algebraic number. We set d(s 1 ) := α. By Liouville's theorem there exist C > 0 and N ∈ N such that |qα − p| ≥ C |q| N for p, q ∈ Z with q = 0. Then we obtain Then there exists C > 0 such that
for sufficiently large ν. We set
3 ) := (0, q ν + 1, p ν ) for ν ∈ N. We suppose that the condition (H) S is satisfied. By Lemmas 8.1 and 8.2 we can take constants C > 0 and a ≥ 0 such that
for σ ∈ Z with (σ 1 , σ 2 ) = (0, 0). Especially the above inequality holds for σ (ν) . On the other hand, we have for sufficiently large ν, which is impossible. Thus we conclude that the condition (H) S is not satisfied.
